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1 Introduction 



> 

\Q • Despite several decades of concerted effort, finding an acceptable theory of quantum gravity remains 

an elusive goal. While string theory and loop quantum gravity — only two of many distinct approaches 
, available [T| — provide interesting but conflicting theoretical perspectives on the subject, it is the com- 

plete lack of reliable observational evidence that remains the primary source of the problem. Instead, 
0^ , there is a strong reliance on mathematical and philosophical assumptions to provide direction, of which 

■ the following are commonly accepted: 
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1 . Lorentz invariance symmetry i s satisf ied for all length scales involving quantum phenomena, includ- 
ing the Planck length lp = ^h~G/c 3 w 1.61 6 x 10~ 33 cm; and 

2. Observations of quantum gravity only occur at the Planck scale. 

Given the lack of available data, it seems useful to take a more indirect approach towards solving the 
"quantum gravity problem." For instance, consider the fact that the intrinsic properties of elementary 
particles are categorized in accordance with the Poincare symmetry group, a well-defined feature of 
quantum field theory in flat space-time. However, when generalizing to quantum field theory in curved 
space-time, it is understood that the particle concept loses meaning, due to the lack of a unique 
vacuum state that is heavily reliant on Poincare symmetry [2]. Since there are broad implications for 
adopting this viewpoint, it is very important to ascertain whether the implicit assumptions built into 
this approach are well-founded. 

To address this question, a recent investigation [3] critically examines the applicability of the 
Poincare group to single-particle state quantum systems while in non-inertial motion. This approach 
specifically involves the Pauli-Lubanski four- vector W for spin- 1/2 particles in flat space-time, but with 
the canonical momentum generators P in curvilinear co-ordinate form to best reflect the symmetries 
of an elementary particle's classical worldline. A surprising consequence is that the scalar operator 
W ■ W, normally identified as a Casimir invariant for particle spin, is actually frame- dependent due 
to an additive term coupling the Pauli spin operator <r with a Hermitian three-vector called the non- 
inertial dipole operator [SEEL m the form R l — (^) e l ^ k [Pj,Pf,]. If r is defined as the local radius 
of curvature for the particle's trajectory with respect to a fixed laboratory frame [3] , it is shown that 
R ~ \P\/r. Assuming fixed momentum, it is clear that R — > as r —> oo, while R — identically for 
strictly inertial motion expressed via local Cartesian co-ordinates. Furthermore, when R is applied to 
studying muon decay in a circular storage ring [3J, it is shown that non-inertial motion can stabilize 
the muon indefinitely when r approaches the muon's Compton wavelength scale. 

If it is shown that a similar prediction occurs for a computation performed in a curved space- 
time background [B], then this is a remarkable statement that provides an important clue about the 
intersection between quantum mechanics and gravitation at a length scale over twenty orders of mag- 
nitude larger than the Planck scale, whose consequences have to be taken seriously. It is important to 
note, however, that ample literature exists suggesting that quantum gravity signatures due to energy- 
dependent dispersion effects for the Maxwell equations in vacuum [7HH1I2] can theoretically appear, 
suggesting the identification of non-trivial structure in space-time. Furthermore, a recent review of 
quantum gravity phenomenology |10] shows that much of the emphasis on searches for signatures re- 
volves around tests of Poincare invariance breakdown, though not of the kind suggested in this paper 
and elsewhere [3J5J- 

The purpose of this paper is to explore modifications of the muon decay rate while in circular motion 
around a microscopic Kerr black hole described in terms of Fermi normal co-ordinates, using the spin- 
1/2 particle Pauli-Lubanski vector in curvilinear co-ordinates where the frame-based contribution due 
to R appears. It is shown that the presence of space-time curvature enhances the stabilization of the 
muon, particularly when the muon's orbital radius approaches the Compton wavelength scale, with 
interesting consequences to follow. For this paper, geometric units of G = c = 1 arc assumed, where the 
curvature tensors follow the symmetry conventions of Misner, Thorne, and Wheeler [11) . but with —2 
metric signature. As well, the flat space-time gamma matrices follow the conventions given by Itzykson 
and Zuber [T2] , 



2 Review of the Hypothesis of Locality for Quantum Mechanics 

To better appreciate the conceptual subtleties that arise from considerations given in this paper, it is 
useful to offer a brief review of the hypothesis of locality that is implicitly accepted within current treat- 
ments of modern physics [6lll3|. The validity of this hypothesis may come into question when applied 
to quantum mechanical phenomena under extreme conditions, particularly where high acceleration 
and/or gravitational effects may contribute heavily towards a given quantum particle's propagation in 
space-time. 
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2.1 Formalism 

The basic concept behind this hypothesis |13j is that an observer comoving with an accelerated object 
corresponds one-to-one with a continuous set of instantaneously inertial observers fixed at each moment 
of proper time defined along the object's worldline. In so doing, there exists an effective acceleration 
length I = a -1 that determines the range of applicability for making spatial measurements within the 
locally inertial frame, where a is the object's acceleration defined with respect to some static laboratory 
frame. 



2.2 General Conceptual Issues with the Hypothesis of Locality 

Certainly, when considering classical objects of mass m with Compton wavelength A = h/m — > and/or 
slowly accelerated objects, it follows that A <C I and no ambiguities exist when applying the hypothesis 
of locality. However, the situation becomes much more difficult to ascertain when considering quantum 
mechanical objects with sufficiently long Compton wavelengths and/or highly accelerated objects, such 
that A ~ I. In this instance, there now exists a "tension" between two fundamentally different notions 
of length scales, motivated by conceptually divergent representations of what it means to identify 
localization in space-time. Mathematically, a classical treatment of space-time requires the existence of a 
C°° Hausdorff diffcrentiable manifold structure, where the concept of space-time curvature is applicable 
down to a mathematical point, which is by definition a structureless feature on the manifold. Clearly, 
it becomes deeply problematic to apply this limiting procedure to arbitrary precision, given that 
the Heisenberg uncertainty relations must also apply [3], leading to quantum interference effects that 
have significant bearing on the quantum particle's overall physical behaviour. This issue also becomes 
relevant when attempting to properly identify the location of the quantum particle's trajectory from 
one moment to the next, while still incorporating quantum fluctuations about its classical trajectory. 

Furthermore, the whole notion of time itself (proper time or otherwise) becomes ambiguous within 
this context, especially when the standard treatment of quantum mechanics in the absence of space-time 
curvature |14) requires that time is an intrinsically classical parameter associated with the space-time 
manifold, while space is described in terms of a quantum operator acting on an infinite-dimensional 
Hilbert space to generate position observables. The fact that such an identifiable distinction exists 
between space and time measurements within quantum mechanics, thereby going against the spirit 
of Lorentz covariance in general relativity, is a definite indication of challenges within the existing 
formalism that need to be better understood. 



2.3 Conceptual Issues Pertaining to Quantum Gravity 

Because of these conceptual issues as it pertains to the hypothesis of locality, it is worthwhile to 
consider their relevance in terms of a bona fide theory of quantum gravity, as opposed to merely 
examining the effects of quantum matter propagating on a classical space-time background, in the 
absence of any obvious curvature-induced backreaction effects. Unlike the "top-down" approaches 
suggested by string theory and loop quantum gravity, this paper is motivated exclusively by "bottom- 
up" considerations, even to the point of taking a cautious attitude about quantum field theory in curved 
space-time, as described in established textbook treatments of the subject [2j. With this in mind, it 
seems evident that the considerations to follow in this paper are highly relevant for addressing the 
"quantum gravity problem," specifically because it is far from obvious how anticipated deviations from 
general relativity are to become manifest at sufficiently small length scales. For example, if Wheeler's 
concept of space-time foam |15j is the intuitively correct way to envision the emergence of quantum 
gravity, then the perspective taken in this paper must somehow lead to low-level quantum fluctuations 
of space-time that have potentially observable consequences |16j . However, it must be stressed that 
an arbitrary presumption of such an effect may unintentionally serve to mask uniquely identifiable 
quantum gravity signatures, simply by virtue of imposing a theoretical prejudice a priori. Without a 
sufficiently rigourous testing of the existing physical theories — when put under extreme conditions — to 
induce an observationally relevant breakdown in the existing formalism, the problem of disentangling 
and properly interpreting potential signatures of quantum gravity, as opposed to more conventional 
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explanations for the same phenomena, may introduce unnecessary challenges towards discovering a 
successful theory of quantum gravity. 

It seems evident, therefore, that having an acceptable notion of a neighbourhood of space-time 
is crucial for achieving good progress towards identifying signatures of either quantum gravity, or at 
least unanticipated physical effects that a successful quantum gravity theory has to incorporate. This is 
because a quantum system involving relatively large Compton wavelengths will occupy some physical 
extension in space-time that may reasonably be subjected to tidal forces generated by the curved 
space-time background. For example, it is recently shown that spin- 1/2 particle Zitterbewegung in the 
presence of a general curved space-time background leads to the prediction of weak equivalence principle 
violation [T7]. Once other related issues are taken into proper account, a complete exploration of the 
overlap between A and I should prove extremely useful for conceptualizing new physical phenomena to 
explain potentially unforeseen effects that result from their intersection. 

2.4 Implications for Describing Covariant Spin Properties of Quantum Systems 

As it concerns interactions with the background gravitational field, intrinsic spin is a very useful tool for 
probing the microscopic properties of space-time curvature. The covariant formulation of spin angular 
momentum is given by the Pauli-Lubanski vector |12j . whose expression for spin-1/2 particles in flat 
space-time is given in the standard form 

W» = - l -E» aM J af) P\ (1) 

where P a — ih~ is the momentum generator given in local Cartesian co-ordinates x^ and J a ^ is 
the total angular momentum operator, also the infinitesimal generator of Lorentz transformations. It 
becomes evident that, in the absence of space-time curvature and given that the momentum generators 
automatically commute, the orbital angular momentum part of J makes no contribution when W is 
contracted with itself, resulting in the Casimir invariant for spin, 

W - W = -\(\ + l ) m2 > ( 2 ) 

where m 2 = P ■ P. 

This expression of Casimir invariance, as given in @ and within the context of localization issues 
in space-time, leads to the following important question to consider. How reliable is its applicability 
within the framework of classical space-time curvature, let alone a comprehensive theory of quantum 
gravity? It should be evident from the operator definitions implied in (JXJ) that a co-ordinate bias is 
already introduced that may not be satisfactory for more general considerations involving the transport 
of quantum objects in space-time. This is of particular relevance for assessing the range of validity for 
@, since it presumes that W ■ W, as defined to exist on a locally flat space-time background at a 
mathematical point without any consideration for its local neighbourhood, will automatically obey the 
weak equivalence principle, a concept already suggested to have potential limitations at the quantum 
mechanical level |17j . 

In fact, it is recently suggested that the mathematical conditions required to denote the existence 
of "Casimir invariants" within the Poincare group are no longer satisfied when considering arbitrary 
motion of the quantum particle in space-time, and particularly so while in the presence of classical 
external fields [18] . where the breakdown of Casimir invariance is entirely due to the presence of 
R. The momentum generators, represented in curvilinear form, along with the spin generators still 
manage to form a Lie algebra, since R and its derivatives can always be expressed as functions of P. 
Nonetheless, the structure of the associated Lie algebra becomes much more complicated to analyze, 
and it is particularly unclear whether true "Casimir invariants" can be found for this new group that 
are applicable for arbitrary motion in space-time. When these considerations are further applied to 
the study of higher-order spinning particles besides spin-1/2, it is also shown that acceleration-induced 
effects which cause the breakdown of standard Casimir invariance lead to an identifiable distinction 
between fermions and bosons with interesting physical predictions, such as the existence of a maximal 
acceleration initially proposed years ago by Caianiello [T5lll9| . These and other related issues indicate 
that a much deeper study of the hypothesis of locality may be required in a variety of physical contexts. 
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3 Covariant Dirac Equation in Fermi Normal Co-ordinates 

Consider the covariant Dirac equation [6] 

[i^(X)(d fl + ir^X))-m/?i}^(X) = (3) 

for a spin-1/2 particle of mass m, where = (T, X^j is the Fermi normal co-ordinate system defined 
in a local neighbourhood about the spin-1/2 particle's worldline parametrized by proper time T, where 
X J is the Cartesian spatial co-ordinate orthogonal to the worldline, <9 M = ffT^' anc ^ -^mC^O * s ^ ne s P^ n 
connection. The gamma matrices { 7 M (JT)} satisfy {^(X), ^(X)} = 2 g^ (X), where the space-time 
metric is described in terms of s 2 = F g^(X) X M X" by 

F gvo(X) = 1 - F R mm (T) X 1 X m + • • • , (4) 

F g 0j (X) = -^ F R l0jm (T)X l X m + --- , (5) 

F 9l] (X) = m - i F R lijm (T) X 1 X m + • • • , (6) 

where r/^ is the Minkowski metric, and F R^ a pv{T) is the projection of the Riemann tensor onto the 
Fermi frame. The metric can be expressed in terms of orthonormal vierbeins {e^aiX)} and inverse 
vierbeins {e a ^(X)} projected from a local Lorentz frame defined by co-ordinates with hatted indices, 

such that F g^(X) = v&$ e%(X) eP v {X). 

It is straightforward to express ([3]) in curvilinear co-ordinate form. To begin, assume that X^ — 
X 1 (u ,u ,u ), where it 3 is the curvilinear spatial co-ordinate. Then the Fermi normal co-ordinate 
system takes the form where U° = T and CP = u 3 . A corresponding set of orthonormal vierbeins 
is then obtained, where e^&(U) — §^ e a a{X) and e a p{U) = e a a (X). Upon projecting onto the 
local Lorentz frame, (j3|) in curvilinear co-ordinates is expressed as 



z 7 p 



(v A + ir A (c/)) -m/h] 1>(U) = 0, (7) 



where V A = V A + iT^U) is the covariant derivative operator defined with respect to Minkowski 
space-time in curvilinear co-ordinate form, with Vg = and Vj = t^jt^) gfji where A^(u) is the 

dimensional scale function and rp,(U) is the corresponding spin connection. From ([7]), it follows that 

[V 1 (P A - &r A (to) - m] W) = 0, (8) 

where 

P A = p A + fl A (9) 
is the momentum operator in curvilinear co-ordinates, in terms of 

p A = »nv Aj (io) 



op, = ih 



V A ln(A«(w)A®( u )A®( u N 2 



(11) 



By now defining Djx = P A — h -T A and making use of the identity [3D] 

7 A 7 » 7 p = 7 # _ 2 7 [%p]A - i 7 5 7 * e A^p. ; (12) 

where e^ vp(7 is the Levi-Civita symbol with e 0123 = 1, it is shown that 

ni^Tf -iff), (is) 

om » F R lm0k {T) X\ (14) 

'j? m imfe ,o(T)^X fc , (15) 

F i? j0 o m (T)X m , (16) 
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where the "C" refers to the chiral-dependent part of the spin connection and the "S" denotes the 
symmetric part under chiral symmetry. 



4 Violation of Casimir Invariance for Spin-1/2 Particles 

Given the Pauli-Lubanski vector in the local Lorentz frame [B] 

1 ,-, 



6tj3-y 



(17) 



where cr a P — 

Irr&P 



and recognizing that the orbital angular momentum part L a ^ of J a ^ = L a 



P 



„■ er"' 3 anticipated via ([T]) identically vanishes, it is straightforward to show that while m\ = P a P a is 
a Lorentz invariant for momentum, the corresponding quantity for spin is not. That is, 



W a W, 



F T}& 



- 2 {<r-R) 



(C) 



(18) 



in the presence of a curved space-time background, where 



(19) 



in index notation — noting that the scale factors A'") (u) are already assumed to have no proper time 
dependence and A^ ^(w) = 1 — with 



R k = —e" i3 ' k [Pi,P5 



(V t InA«) 



(20) 



to denote the non-inertial dipole operator, 



Q 4jS = 2 (V [a e* $] - 5° [& F (v» In A^) + P A ; 



(21) 



and 



(22) 



is the object of anholonomicity in the local Lorentz frame. Both (l2~Tj) and (|2"2")l are exclusively first-order 



R, 



Clearly, (fT8[) reduces to its flat space-time counterpart in the absence of external gravita- 



tional fields [3], with the non-inertial dipole interaction due to (|20p . It is important to again emphasize 
that P a Pa and W a W a are not the "Casimir invariants" for the Poincare group in curvilinear co- 
ordinates, since neither operator commutes with all the generators of the Lie algebra associated with 
the Poincare group, a defining property of Casimir invariance |18j . 
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5 Muon Decay Near a Microscopic Kerr Black Hole 

While the expression (|18p is interesting by itself, a fuller appreciation comes when the Pauli-Lubanski 
vector is applied to a specific physical process, whose spectrum may reveal interesting observations 
worth exploring in greater detail. This is evident for the example of muon decay while orbiting a 
microscopic Kerr black hole in the equatorial plane near its event horizon. Consider the reaction 
fi~ — > er + D e + in a gravitational background. Then the associated matrix element is [2112] 



jllV 



Tr 



+ "V7 5 ?CK(l-7 5 ) 



Mg = Tr [(P e + m e 7 5 fi e ) ^ i 1 ~ 7 5 )] 



(23) 
(24) 
(25) 



where is the polarization vector for the charged lepton, satisfying Djx = 0. In flat space-time, the 



polarization vector is n 



(o) 



E p 



■ ip- 6° a, where E ■■ 



"M m \P\ " f |P " M 

to show that i/i = [^( S ' Rc ) + ^( s < Im )] + 7 5 [fi( C ' Rc ) + i|i(C,im)j ; where 



P |. Though tedious, it is straightforward 



(S,Re) 



,(°) 



AHE 



S° [fl P 0] R 3 P" 



h 2 E 



(26) 



4fi 



molPl 



27i 



-n (0) 

2 '*0 



mo\P\ A 



V ( r (s) p a) " 
5% (4)^a)+^ 



.6(3/3 „ 



P» ; P; 



0q/3, p(C) 



P~ P; 



2 (r( S) p x )p A -^v A ( f j^ 5 ) 



2S,E 
mg|P| 



(27) 



(C,Re) 



h 2 E 

'm 3 \P\ 



0] 

3^ J5 -(c) 27i 
m |P| A ~ m |P| 
27L£! 



* ( r (s) P a) 



(28) 



n 



(C,Im) 



h 2 E 



(29) 



to leading order in curvature. Substitution of (j23 ]> -P^ |) into {23) leads to |.M| 2 = 32 G| (p^ D*£) (p^ Dfj , 

where D & = P & -h (pf - i pf) + m (n™ - nf ) . 

Formally, the gravitational and P-dependent contributions to the muon decay rate are additive 
corrections to Jo « G| m^/(192 7r 3 ) « 2.965 x 1CP 16 MeV [3]. This becomes evident when applied to 
circular motion around a microscopic Kerr black hole of mass M = 2x 10~ n cm [5], about an order 
of magnitude larger than the muon's Compton wavelength of 1.18 x 10 -12 cm. Suppose that the black 
hole's spin angular momentum is a with — M < a < M and a = a/ro, where tq is the radius of the 
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2 x 10 




(b) (M = 2 x 10 



0.99) 



Fig. 1 Michel spectrum with co ntri butio ns due to curvature and R for M — 2 x 10 -11 cm and 
clear from comparing Figs. 1(a) and |l(b) that both curvature variations and non-inertial effects 
influence the shape of the plots in relation to the flat space-time contribution. 



ro ~ M. It is 
can strongly 



muon's orbit prior to decay. Then for the innermost (photon) orbits of ro+ = M and ro- = 
co-rotating and counter-rotating black holes, respectively, it follows that — 1/4 < q < 1 and 



AM for 



r = 9M 



(30) 



where Ao > is the separation away from the innermost circular orbit. 

Computing in terms of the muon's local rest frame and assuming Nq — 10~ 2 , Figure Q] displays 
the Michel spectrum of the muon decay r(x) = T/x as a function of the outgoing electron's energy 
fraction x and in units of Jq. Comparison between Fig. 1(a) and Fig. 1(b) clearly shows that a 1% 
reduction in a from the extremal black hole condition a = 1 (ro ~ M) reveals an extreme sensitivity 
of the Michel spectrum due to small variations in curvature. It is self-evident that, in the absence of 
curvature, the non-inertial dipole operator R introduces a noticeable correction to the flat space-time 
Michel spectrum, indicating a prediction that may be potentially observable via precision measurements 
of muon decay for large values of x under suitable experimental conditions. As well, the curvature 
contribution to the muon decay spectrum shows a reduction of the decay rate that grows smaller as 
ro — > 0, indicating stabilization of the muon in the absence of unforeseen physical effects due to a truly 
quantum mechanical theory of gravity. 



6 Conclusion 



This paper shows that an exploration of the Pauli-Lubanski vector for spin-1/2 particles in general 
motion while in a curved space-time background leads to the prediction of Lorentz invariance violation 
at the Compton wavelength scale, with interesting and potentially observable consequences for muon 
decay. The result presented here is consistent with other evidence [3T] of emergent and previously 
unanticipated phenomena occurring at the Compton wavelength scale due to this combination of 
general relativity and quantum mechanics. Though not discussed in this paper, it is also possible 
to identify theoretical signatures of noncommutative geometry in the Michel spectrum [51122] . which 
appear for x > 0.65 in the specific cases considered |H] when combined with Moffat's theory of 
nonsymmetric gravity 1231124) . 

If more fundamental approaches towards quantum gravity are to be deemed viable, they will need 
to properly account for this type of phenomenon, should it become observable in the near future. 
This possibility is strongly dependent on first confirming the existence of microscopic black holes, 
followed by precision observations of their behaviour in the presence of quantum matter in order to 
positively identify muon decay suppression near the event horizon. At present, this seems confined to 
the realm of conceptual interest only. However, precision measurements involving muonic atoms [5] in 
a flat background offer a more promising capacity to observe Independent contributions to the Michel 
spectrum. Of course, this requires a much more detailed computational analysis in the presence of an 
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effective potentiai due to the muonic atom's atomic nucieus, but this should be within the realm of 
possibility in the future. 

One of the prevailing conclusions drawn from this approach is the claim that P a and W a W & 
can no longer be faithfully described as "Casimir invariants" for the Poincare group if the generators 

3 and P^ are expressed in terms of curvilinear co-ordinates. The interpretation of this outcome 
offered by this paper is the prediction of an emergent frame-induced violation of Lorentz invariance, 
stemming from limitations with the hypothesis of locality. However, it is possible to instead conclude 
that the new effects predicted are merely mathematical constructs resulting from a particular repre- 
sentation of the Lie algebra generators for the Poincare group. In order to ascertain the merits of this 
other possibility, it would be necessary to explore the status of J a ^ and P^ within the framework of 
the universal enveloping algebra for the Poincare group, and determine whether the effects predicted 
in this paper are indeed physical in origin or merely the byproducts of a particular representation. 
This is an open question worthy of deeper exploration. 
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